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A cosmological magnetic field affects the time evolution of the cosmic matter density field. The
squared Alfven velocity of the cosmic fluid is proportional to an ensemble average energy density of
a primordial magnetic field (PMF), and it prevents the matter density field from collapsing in the
horizon scale. The matter-radiation equality time also is delayed by the presence of an ensemble
average energy density of a PMF. The ensemble average energy density of the PMF also affects
the matter power spectrum (MPS) through the Meszaros effect and the potential decay. Since the
ensemble average energy density of the PMF is not a first order perturbation but a zero order source
in the linear perturbation equations for the cosmology, to correctly understand the overall effects of
the PMF on the MPS, we should significantly revise previous approaches to research for the MPS
with the PMF by considering the both effects of the zero and first order sources from the PMF in
the linear perturbation theory. We apply the effects of the zero order sources from the PMF to
theoretical computations of the MPS for the first time. We also analyze the overall PMF effects on
the MPS. The CMB polarizations are affected the weak lensing. The weak lensing is determined
by the MPS. Therefore, we have to consider the zero order sources of the PMF to gain a correct
understanding not only of the MPS but also the CMB polarization.
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2I. INTRODUCTION
Observations of the Faraday rotation and synchrotron emission [1–7] show that the present of the magnetic field of
1 µG (= 10−6 G) order turns out to be in the length between the typical sub-galaxy to cluster scale. One of the most
famous ideas to explain these magnetic fields is that homogeneous and stochastic magnetic fields of 1 nG (= 10−9 G)
order are generated before the recombination, and these evolve the observed magnetic fields by the isotropic collapses
of density fields in the early Universe. [8–11].
A primordial magnetic field (PMF), which is expected to exist in the early Universe as mentioned above, affects
the cosmic microwave background (CMB) and the matter power spectrum (MPS).
Many groups analyze the PMF effects on the CMB [8–46] and constrain the PMF by the CMB observations [15, 47–
65]. Some groups also analyze the PMF effects on the bispectrum or/and non-Gaussianity of the CMB [66–72]. They
mention that the PMF increases the CMB on the smaller scales. They also constrain the upper bound of the PMF
strength as a 1 nG order by the CMB observations.
The PMF effects on the cosmological density fields or the matter power spectrum (MPS), also, are studied by the
many authors [35, 52, 56, 73–82]. References [73–76] groundbreaking analytical research on the effects of the first
order perturbations source from PMFs on the MPS. Then Refs. [35, 52, 77, 78] develop the numerical method for the
research on the MPS with the PMF. They make clear that these PMFs raise the MPS on the smaller scales.
Furthermore, nonlinear effects of a PMF have been studied. References [17, 83, 84] establish a damping scale of
a PMF, and Ref. [59] makes clear that the nonlinear effect from Alfven wave drops the MPS on the wave number
k > 1.0 h/Mpc.
An average of a PMF strength as the background in the Universe can be assumed to be zero, while an ensemble
average of a PMF energy density ρMF, which is a zero order source from the PMF in the linear perturbation theory,
in the Universe is not zero. Recently, Refs. [85, 86] constrain ρMF by the light element abundances up to Li produced
in the big bang nucleosynthesis, and they report the ratio of the ensemble average of the PMF energy density to
the total photon energy density is less than 0.2. In the precision cosmology with the recent CMB observations, this
value is too large to ignore. Therefore, to accurately study the physical processes in the precision cosmology, several
authors study the effects of zero order sources from a PMF on the cosmology in the linear perturbation theory.
Ref. [87] assumes that a PMF is homogenous and the direction of the PMF is fixed, indicating that the magnetosonic
wave from a PMF distorts the amplitude of the temperature fluctuations of the CMB. Reference [30] researches the
effects of a magnetic sonic wave for a stochastic magnetic field on the CMB analytically. Reference [88] studies the
effects of an energy density of a PMF on the CMB. Also, Ref. [46] numerically analyzes teh effects of zero order
sources from a stochastic isotropic and homogenous PMF on the CMB in the linear perturbation theory for the first
time. This study indicates that the overall effects of an ensemble average energy density and a magnetosonic wave
of from a PMF as the zero order sources change the peak positions of the temperature fluctuations of the CMB and
decrease the amplitude of the CMB around the first peak.
The peak position of the MPS is determined by the horizon scale at the matter-radiation equality time τeq, and τeq is
determined by the ratio of the total matter density (ρM) to the total radiation energy density (ρR). ρR is proportional
to a−4, where a is the scale factor, and a PMF energy density ρMF is also proportional to a
−4. Therefore, if there
is a sufficiently large ρMF in the radiation-dominated era, we should include ρMF in ρR. Thus, ones expect that the
presence of the PMF increases the total radiation (like) energy density and delays the matter-radiation equality time,
and, finally, the PMF changes the peak position of the MPS.
In Ref. [46], also, the sound speed of the photon-baryon fluid is raised by a magnetosonic wave from a PMF as the
zero order sources in the linear perturbation theory. A large sound speed causes strong pressure and suppresses the
time evolution of the matter density field. Therefore, if the magnetosonic wave from the PMF is large enough, ones
expect that the amplitude of the MPS decreases.
In this paper, we consider the ensemble average of the PMF energy density and the magnetosonic wave from the
PMF, which are the zero order sources of the linear perturbation theory, to theoretical computations of the MPS for
the first time. We also analyze the effects of both of the zero and first order sources from the PMF on the MPS.
In this paper, we use the best-fit cosmological parameters determined by the observation data sets of the Planck
and WMAP 9yr Collaborations [89, 90]. We modify the CAMB code [91] for computing the MPS with the power law
(PL) PMF. The reduced Planck constant (ℏ) and the speed of light (c) are a unit.
II. MODELS
In this section, we will mention the models of the PMF in this paper.
3A minimum scale of a PMF at last scattering is derived by
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[8, 92], where η is the baryon to photon ratio (η0 = 6.19× 10−10[93]) and t is the age of the Universe (t∗ = 3.76× 105
year [93]). A PMF on the scale much bigger than L∗ is hard to dissipate by t∗, and such a PMF is ”frozen in” the
dominant fluids [92]. This scale is much smaller than the ranges for the linear perturbation theory. Therefore, we
assume that a PMF for the linear perturbation theory is frozen in. We also assume that a PMF is generated before
the matter-radiation equality. We assume that the PMF is statically homogeneous, isotropic, and random. In this
case, the ensemble average of the PMF strength is zero. On the other hand, the ensemble average of the PMF energy
density is finite. We consider the effects of the ensemble average energy density and the magnetosonic wave of the
PMF on the MPS, numerically.
A. The energy density and the sound speed with the PL-PMF model
We use the PL-PMF model [17]. This model assumes that a PMF is generated in the inflation era. A spectrum
and a two-point correlation function of the PL-PMF model are given by [17]
〈B(k)B∗(k)〉 ∝ knB , (2)〈
Bi(k)Bj
∗
(k′)
〉
= ((2pi)nB+8/2knB+3λ )
[
B2λ/Γ
(
nB + 3
2
)]
knBP ij(k)δ(k− k′), k < kmax, (3)
where k is the wave number, nB is the spectrum law of the PMF, Bλ = |Bλ| is the comoving field strength by
smoothing over a Gaussian sphere of radius λ = 1 Mpc (kλ = 2pi/λ), Γ(x) is the gamma function, i and j are the
spatial indices and the integer numbers [∈ (1, 2, 3)], P ij(k) = δij − kikjk2 , kmax is the cutoff scale and is defined by
the PMF damping [17, 83, 84], and Bi(k) is from the Fourier transform convention: Bi(k) =
∫
d3xeik·xBi(x). Here
B(a, x) = B(x)/a2, where a is the scale factor.
In this case, the ensemble average of the PMF energy density ρMF is finite and this value on the physical field is
given by [14, 84]
ρMF =
1
8pia4
B2λ
Γ
(
nB+5
2
) [(λkmax)nB+3 − (λkmin)nB+3] . (4)
where kmin is the minimum wave numbers [94], Since the strength of the frozen-in PMF on the physical field is
proportional to a−2, ρMF is proportional to a
−4. If some vorticity anisotropies of an inflationary origin generate a
PMF, k[min]/kmax is assumed to be very small. In this case, the last term in Eq. (4) is negligible, and we obtain:
ρMF ∼ 1
8pia4
B2λ
Γ
(
nB+5
2
) (λkmax)nB+3. (5)
The scale factor at the equality time is determined by the matter-to-radiation ratio as follows:
aeq =
ρR
ρM
, (6)
where ρR and ρM are the total radiation(like) energy density and the total matter density today (a = 1), respectively.
If ρM is fixed, this equation shows that it is important for the total radiation(like) energy density to determine the
equality time. Thus, the peak position of the MPS is dominated by ρR. Since the time evolution of the ensemble
average of the PMF energy density ρMF is proportional to a
−4 in the same way as the radiation energy densities, the
presence of the PMF in the radiation-dominated epoch delays the matter-radiation equality time aeq. The peak of
the MPS is determined by the horizon scale at aeq. The ensemble average energy density of the PMF is not a first
order perturbation but a zero order factor (non-perturbed factor) for the linear perturbation equations. Therefore,
ρMF as a zero order factor for the linear perturbation theory gives an important effect on the MPS.
The effective sound speed taking into account the PMF, csA, is introduced by [30, 87]. We use the expression of
csA as follows [46][95]
c2sA = c
2
s +
1
2
c2A. (7)
4Here, cs is the sound velocity of a fluid without a PMF and given by c
2
s = c
2
bγ = 1/{3(1 + 3ρb4ργ )} = 1/{3 (1 +R)},
where ρb and ργ are the baryon density and the photon energy density, and R is
3
4
ρb
ργ
. cA is the Alfven velocity in the
baryon-photon fluid with a PMF and it is proportional to ρMF, which is a zero order factor for the linear perturbation
theory, as follows: c2A =
2ρMF
ργ+ρb
[46].
c2sA, which is the sound velocity with the PMF is not an effective factor for the linear perturbation equations at
the subhorizon and superhorizon. Therefore, to estimate the initial conditions with the PMF, we do not have to
consider c2sA, and it is only necessary to consider ρMF for the Friedmann equation and the conservation of energy
momentum tensor. Therefore, we just have to change the total energy density, ρ without ρMF to this value with ρMF,
e.g., ρ = ρR + ρM to ρ = ρR + ρM + ρMF. Finally, the expressions of the initial conditions with the PMF are not
different from ones in Refs. [33, 96].
In this study, we assume that the PMF does not correlate with the primary perturbation. In this case, we do not
need to take into account the correlation term between the PMF and the primary in Eq. (22) of Ref. [46].
III. RESULTS AND DISCUSSIONS
The ensemble average energy of the PMF ρMF and the effective sound speed with the PMF csA are not the first
order perturbed factors but the nonperturbed sources (the zero order sources) in the linear perturbation equations for
the cosmology. To avoid redundant representations, we will call these sources ”the zero order sources of the PMF” in
this section.
On the other hand, the PMF source whose order is equivalent to the first order perturbed factor in the linear
perturbation equations for the cosmology [e.g., the last term of Eq.(32) in Ref. [46]] has been mainly analyzed in
previous studies. For the avoidance of confusion between this source and ”the zero order sources of the PMF”, we
will call it ”the first order sources of the PMF” in this section.
The evolution rate of the perturbation of the matter density fields is proportional to
√
Gρm, where G is Newton’s
constant. The expansion rate of the Universe on the radiation-dominated era is proportional to
√
Gρr. On the
radiation-dominated era, the total energy density of the radiations is larger than the total matter density. Therefore,√
Gρm on the radiation-dominated era is less than
√
Gρr, and the perturbations of the matter density fields cannot
be evolved in the radiation-dominated era. This is called the Meszaros effect [97]. After the equality time, the matter
density fields can be affected by the potential and start to evolve in the horizon. Also, on the superhorizon, the matter
perturbations can evolve without the Meszaros effect.
The evolution of the matter perturbations with the Meszaros effect is summarized as follows: In the radiation-
dominated era (1) the matter perturbations in the superhorizon can evolve and (2) once the matter perturbations
enter the horizon, they do not grow.
Small scales enter the horizon scale earlier, and the matter perturbations on the longer wave numbers are influenced
by the Meszaros effect for a longer time. Therefore, the amplitudes of the MPS on the longer wave numbers are more
strongly damped by the Meszaros effect.
From Ref, [98], the potentials decay on the horizon in the radiation-dominated era is given by
φ ∝
√
1
k3τ3c3S
J3/2 (kτcS) , (8)
where Jn is Bessel functions of the first kind, τ is the conformal time and defined by τ =
∫ t
0
1
a(t′)dt
′, and cS is the
sound speed and corresponds to
√
1/3 without a PMF. This equation shows that the potentials which enter the
horizon on the radiation-dominated era are affected by the suppression of the sound speed. Since the matter density
perturbations are influenced by the potentials, the amplitudes of the matter density perturbations are also suppressed.
As a result, both of the above-mentioned effects damp the amplitudes of the MPS on k > keq, where keq is
determined by the horizon scale at the equality time τeq. On the other hand, the wave number modes that enter the
horizon scales after the equality time are not dominated by these effects, and the MPS amplitudes on k < keq are
not damped. Thus, one can understand that the MPS with the Meszaros effect and the potential damping from the
sound speed has the peak at keq.
As mentioned Sec. II, the equality time with ρMF is later than without ρMF. The values of these damping are
dependent on how long the correspondent wave number modes are on the horizon for the radiation-dominated era.
From Eq. (8), the larger sound speed also suppresses the amplitude of the MPS more strongly. Furthermore, the
horizon scale at the equality time with ρMF becomes larger than without ρMF. Finally, the peak position of the MPS
with ρMF shifts to smaller wave numbers.
5In case of the later equality time, since the effective term of the Meszaros and the potential damping effects is
longer, the amplitudes of the MPS on wave numbers larger than the peak position become smaller. The sound speed
with the PMF becomes larger than without the PMF and suppresses the MPS amplitudes on wave numbers larger
than the peak positions.
Figure 1 shows the MPS with the PMF. We can see that the peak positions of the MPS with the PMF shift to
the lower wave numbers, and the amplitudes of the MPS with the PMF are also lower than ones without the PMF
(no PMF) on wave numbers larger than the peak position. The PMF damps the MPS on the wave number range of
0.01hMpc−1 < k < 0.2 hMpc−1, where the observational data points in Fig. 1 are. If a PMF strength with higher
nB is of the order of 1 nG, which is expected by the observations of the magnetic field in the cluster of galaxies [6, 7],
such a PMF critically affects the MPS as shown by the dotted (nB = -2.0), dashed (nB = -1.0), and dash-dotted
(nB = 0.0) curves in Fig. 1. Therefore, we expect the PMF with the higher nB can be strongly constrained by the
observational MPS data sets.
To investigate features of the zero order and the first order sources from the PMF effects on the MPS on each PMF
parameter, we will analyze two cases: the first case is fixing a PMF strength of 10 nG (Fig. 2), and the second is
fixing a ratio of PMF-to-photon energy densities of 5.0 ×10−3 (Fig. 3).
In case of the fixed PMF strength, the amplitudes of the MPS with the first order sources from the PMF on larger
wave numbers positively correlate with the power law indexes nB [11, 77]. Therefore, considering the effects of the
first order sources from the PMF only, these effects of relatively small nB on the MPS are very small as the panels
(a) - (c) of Fig. 2 indicates. However, in fact, the MPS is sufficiently suppressed by the zero order sources from the
PMF except nB = −2.99 as the panels (b) - (d) of Fig. 2 indicates.
Panel (a) of Fig. 3 shows the MPS with the zero and first order sources from the PMF of ρMF/ργ = 5 × 10−4.
On sufficiently small nB, the first order sources from the PMF dominate the overall PMF effects on the MPS [panel
(a) of Fig. 3]. In case of fixing ρMF, the amplitude of the spectrum from the first order sources from the PMF
has a negative-correlation with the PMF power law index (nB) as Eq. 5, and we find that the MPS amplitudes of
sufficiently small nB are extremely raised by the first order sources from the PMF. In this case, from panel (a) of Fig.
3, the effects of the zero order sources from the PMF on the MPS are much smaller than the effects of the first order
sources from the PMF. Thus, the overall effects of the PMF on the MPS become slightly weaker than in previous
studies without the zero order sources from the PMF.
On relatively large nB as panel (b) of Fig. 3 indicates, we find that the first order sources from the PMF raise
the MPS on the larger wave numbers slightly. On the other hand, the zero order sources from the PMF reduce the
addition of the MPS from the first order sources from the PMF. In this case, finally, the overall effects of the PMF
become weaker than in previous studies without the zero order sources from the PMF.
On sufficiently large nB, the effects of the first order sources from the PMF are very small and the MPS with the
PMF is only suppressed by the effects of the zero order sources from the PMF as the panel (c) of Fig. 3 indicates.
The curve of the MPS with the zero order sources from the PMF in the panel (c) of Fig. 3 corresponds approximately
to the MPS with the pure zero order sources from the PMF and without the first order sources from the PMF.
As a conclusion of these analyses, to research the PMF effects on the MPS on the wider wave numbers range
correctly, we need to consider both effects of the zero and first order sources from PMF simultaneously.
In case of considering the overall effects of the PMF on the MPS correctly, we discuss how we constrain the PMF
parameters (Bλ, nB) from the MPS observations. If nB is nearby -3.0, as mentioned above and shown in Figs 2 and
3, the first order sources from the PMF dominate the overall effects of the PMF on the MPS. Therefore, we expect
that constraints on the PMF parameters with effects of the zero order sources from the PMF on the MPS are not
much different from the previous studies.
When nB is relatively large, the zero order sources from the PMF suppress additions of the MPS amplitudes from
the first order PMF sources as shown in panel (b) of Fig. 3, and the overall PMF effects are weaker than the effects of
the pure first order sources from the PMF as previous studies show. Thus, we expect that the constrained strengths
of the PMF on ranges of relatively large nB become larger than in previous studies.
In case of sufficiently large nB, the zero order sources from the PMF dominate the overall effects of the PMF on
the MPS. From Figs. 1-3, the MPS with the effects of the zero order sources from the PMF of Bλ = 10 nG, which
corresponds to the upper limits of the expected PMF strength by the observations in the clusters of the galaxies, is
strongly suppressed in the linear-perturbation theory region. In this case, differences in MPS with and without the
overall PMF are much larger than differences in MPS with and without the first order sources from the PMF. Thus, if
we consider the PMF effects correctly, we expect that the constrained PMF strengths on sufficiently large nB become
much smaller than the results without the zero order sources from the PMF.
In summary, we investigate the overall effects of the zero and first order sources from the PMF on the MPS. Except
on nB around -3.0, we find that the suppression effects of the zero order sources from the PMF are not neglected for
studying the MPS with the PMF. We also mention that the constrained PMF strengths with the correct effects of
the overall PMF are different from the results without the zero order sources from the PMF.
6FIG. 1. The effects of the PMF on the MPS in the case of the fixed PMF strength as Bλ = 10 nG. The thin dotted curve in this
figure is the theoretical result from the Planck and WMAP 9 yr best-fit parameter in the ΛCDM model [89, 90]. The dots with
error bars show 2dF [99]. The solid, dotted, dashed, and dash-dotted curves are the theoretical result with the PMF effects of
(nB, ρMF/ργ) = (−2.99, 1.00× 10
−5), (−2.00, 5.84 × 10−4), (−1.00, 9.65× 10−3), and (0.00, 8.63× 10−2), respectively.
When we estimate the weak lensing effects of the CMB, the MPS is very important. The CMB polarization gives us
useful information to research the early Universe, e.g., the inflation theory and the background gravitational wave, and
is affected by the weak lensing effect too. Recently, many authors discuss the observations of the CMB polarization
in the precision cosmology. When we research and correctly constrain the cosmological parameters with the PMF
from the CMB including the polarization, we should consider the effects of the zero order sources from the PMF as
our work.
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